4. The Thermodynamic Helmholtz Resonator 3 N Z I EZZ H IR=:

(a) [1] Determine the fundamental frequency of a sound wave resonating in a cylindrical pipe of length H that is closed at one
end and open at the other, as shown in Fig. 4-1. Given that the speed of sound is v = 343 m/s and H = 30 cm, calculate the
fundamental frequency f.
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(b) However, the result from part (a) deviates significantly from actual

. . 2r
measurements. Therefore, a more accurate model is required. We model the —
bottle as a Helmholtz resonator (see Fig. 4-2). A Helmholtz resonator : m
consists of a cavity of volume V connected to the open atmosphere (pressure L ’ﬂ- T x
P,) by a cylindrical neck of length L and radius r. The air in the neck acts as
a piston of mass m, causing adiabatic compression and expansion of the air

inside the cavity. The adiabatic speed of sound is given by v = %, where

M is the molar mass of air, y is the adiabatic index, R is the ideal gas H H %4
constant, and T is the temperature.Starting from the adiabatic condition for
the air in the cavity, we can show that for small volume changes AV, the
pressure change AP is related to the displacement x of the air plug by AP =
—kx. Hence, the equation of motion for the air in the neck can be derived
and we can show that the air column will oscillate. Assume the mass of the 2R 2R
air in the neck is m = pymr?L, where p, is the equilibrium air density.
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(bi) [5] Find the frequency f of the oscillating air. Express the answer in terms of Py, py, 7, L,V and y.

(bi) [5] SKIRENZESHISRE £ o 8 Py, po,r, LV Fl y RFIAIRIER -

(bii) [1] In reality, the length L is replaced by the effective length Log = L + 1.7r, accounting for the air mass outside the neck
that also oscillates. Calculate the fundamental frequency produced by the bottle with the following parameters: H = 23 cm,R =
3.5cm, L=7cm,r =1cm.
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(c) The water bottle is constructed from a material with a linear thermal expansion coefficient a. Suppose the resonator is
calibrated to a frequency f; at a reference temperature Ty. When the ambient temperature increases to T = Ty + AT (where

AT KL Ty):

(ci) [2] Account for both the change in the speed of sound of the air and the thermal expansion of the bottle's dimensions. Derive
an expression for the new resonance frequency f in terms of f,, AT, Ty and .

(cii) [1] Determine the "critical" thermal expansion coefficient a, at which the frequency of the bottle remains constant regardless
of small temperature fluctuations. Express a, in terms of f,, AT, T,.
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Solution:



(C))

(b) [4 marks]

Notice that dV = wr?x and the force on the air in the neck is F = AdP,

The oscillating frequency is

And the fundamental frequency is

(c) [6 marks]

Since v < VT,
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