3. Transmission Line Modelling {& i £5 {55

Consider a high-frequency signal propagating along a transmission line. The line is modeled as a series of infinitesimal segments
of length Ax (See Fig 3-1). Let L and R be the series inductance and resistance per unit length, and G and C be the shunt
conductance and capacitance per unit length, respectively. Assume L, R, G, and C are frequency-independent constants.
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(ai) [4] By applying Kirchhoff’s laws to the infinitesimal circuit model as shown in Fig. 3-1, derive the two coupled partial
differential equations relating current i(x, t) and voltage v(x, t) as Ax = 0.
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(aii) [1] For a sinusoidal signal of angular frequency w, define i(x,t) = Re(I(x)e/“?) and v(x, t) = Re(V (x)e/®?), the equations
reduce to:
d?I(x) 5 d?v(x) )
dxz =Y I(x)’ dxz =Y V(x)

Find the complex propagation constant y2 in terms of L, R, G, C, and w. Here j = v/—1 is the imaginary number and Re(z) is the
real part of a complex number z.
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(aiii) [1] The general solutions are I(x) = Ife™"* 4+ I;e"* and V(x) = V, e 7* + V; e¥*. Define the characteristic impedance
Vg vy
ZO = ﬁ -2

. Determine Z, in terms of L, R, G, C, and w.
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(aiv) [2] Find the condition relating L, R, G and C that allows a signal to propagate without distortion. Determine the phase
velocity v, in this case.
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(bi) [1] In Fig. 3-2, a transmission line is terminated by a load impedance Z;. When an incident signal V; travels along the line, a
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portion is reflected as V.. Derive the voltage reflection coefficient, I' = = L in terms of Z; and the characteristic impedance Z,,.
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(bii) [1] State the required condition for the incident voltage signal V; to undergo a  phase change upon reflection.
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Solution
(ai) Applying Kirchhoff’s voltage law,
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By the current law,
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dv .
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where
y2=(R+jwL)(G + jwC)
(aiii)

I(x) =I1fe "™ —Ije"™, V(x) =Vsie ™ +Vyer*
Sub. Into Eqtn (1) and (2),
y(UFe " +15e"™) = (G + jwC)(Vy e " + VyeY)

For the equation to be satisfied for all x, we have
Ve Vg R+ jwL
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(aiv) For a sinusoidal signal, the voltage has the form
v(x,t) = V(x)e/®t = (V5 e~ (@HiP)x 4 yyelatiP)x)egiwt

Similarly,

The phase velocity is given by
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Remark: % = % is the distortionless condition, even though the signal gets weaker (attenuation), the shape of the pulse remains

intact because every frequency component travels at the same speed and dies out at the same rate. This was the key to making
long-distance telegraphy and telephony possible.

(bi) Reflection Coefficient
The boundary condition at the load requires v(1,t) = i(l,t)Z,. Since V(1) = Ve Y + Ve’ and I() = [te "' — [e¥! =
vte Vi_y—evl
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(bii) To gain a w phase, I' = —1,= I} <Ij.



