1. Rotating Cylinder HE¥EEIHE{K

(a) [1] Alice shows Bob her new cylinder collection. One of them is a hollow cylinder. The cylinder has length L, radius r and
wall thickness § < r for both the bases and the curved surface. The mass density of the cylinder is p. Find the mass m of the
cylinder and the moment of inertia I of the cylinder about its axis.
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force the cylinder can sustain without breaking and A is the cross-sectional area perpendicular to the direction the force is applied
(see Fig. 1-1). By considering an element of the cylinder when spinning (refer to the top view of the spinning cylinder in Fig 1-2),
estimate the maximum angular velocity w4, at which the cylinder can spin before breaking. Express in terms of o, p and r.
Give a numerical value of w4y, for L = 1m, r = 10cm, § = 50um, 0 = 20GPa, p = 1.3 g/cm3. Ignore deformation. You may
assume the sides break before the bases do.
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(b) [2] The cylinder is made of carbon nanotubes and has high tensile strength, ¢ = where F,,,, is the maximum tension
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In what follows, we shall assume W << Wyqx-

(c) [2] In Fig 1-3, Alice uses a motor positioned at a height h above the ground to set the cylinder spinning with an initial angular
velocity wy. In a prank, Bob uses his "psychic powers" to release the cylinder from the motor without altering its angular velocity.
The cylinder, starting with a negligible initial translational velocity, falls toward the ground, which has a coefficient of friction p.
Ignoring air resistance, assume that collisions with the ground are perfectly elastic in the y-direction and that the collision duration
t. is negligible (gt? « h), where g represents the acceleration due to gravity. Sketch a qualitative graph representing the
trajectory of the cylinder's center of mass.

ETFXYP  HIMRIR 0 < w0y °

(¢) [2] £l 1-3 - Alice (FRLRAERMESEN h LEVEM, » FEEIFHAFIEERE w,liefs o FfG Bob 15 7 &M
Bl > Rt @rE N EREE AR E B - BIRBEEANTEARE - EEEERNVIEFEE R ZBAITHIEL T
@ithE 5% - HESEERENERZR N u - ZRZESHES - HEiR - SHtENHET y AR EATEEMNE > B
WiERT 8] ¢ IRFE (HE gtZ < h) > BHR g AEAIRE - 58 BB EEHIRE 4 E -



(d) The cylinder hits the ground at O att = 0.

(di) [2] Find the velocity (v, 1,) and the angular velocity w of the cylinder right after the 1% collision.

(dii) [3] Find the position of the ball x(t) and y(t), as well as the angular velocity w(t). Express your answers in terms of the
number of collisions with the ground N (We take N = 1 at t = 0), the time elapsed since the last collision At, h, g, r, and the

ratio K = m—rz. You can use the floor function |x| which denotes the integer part of x (e.g. x| = 3, |e| = 2).
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Solution: (Thanks Edison Fu for proposing this problem)

a.m = 2npdrlL + 2npdr? = 2mpdr(L + 1)
We can divide the moment of inertia calculation into two parts: One for the curved surface and one for the base. The moment of
inertia is simply the sum of all individual I’s as it is an additive property.

1
I = 2updrL)r? + 2 x = (npSrZ)r =npbér3(2L + 1)
b. Look at a segment of the cylinder of angle df as measured from the axis. Assume constant tension T throughout the cylinder.
A =L6,m = plLérdo

F =Td6 = mw?r
T = pLériw? < olé

o 39000rad
wmax = F = f
Remark: we will give full credit if you substitute the value of p = 1.3 X 9 g/cm3 and get Wp,q,, = 13000 rad/s

This is a very large angular velocity. For reference, a helicopter blade spins at about 800rpm which is about 84rad/s.

c. The cylinder gains a little bit of horizontal velocity in each collision due to friction with the surface.
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The candidate must realise that the distance between successive bounces initially increases to get any marks on this problem. If
they correctly notice this, but make any of the following mistakes, 1 mark may be deducted:

- The height decreases noticeably with more bounces

- The first part of the trajectory is not a vertical line

- The trajectory is not parabolic between bounces (But bad drawing skills is excusable!)

d. y(t) is trivial: It is simply equal to /2ghAt — %gAtz.
It is easier to solve for x(t) by considering v, (t) and w(t) at the same time. In each collision, a vertical impulse of me is
imparted, so the maximum horizontal impulse due to friction is ZMmW.

[1 mark]

As a result, we have v, = (ZMW )N and wr = wer — K (Z,um )N initially. When N >
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longer has relative velocity to the ground as v, = wr = . After this point, w and v, no longer change. [2 marks for correct
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In what follows, it will be more convenient if we let Ny = lL .
2u(1+K)y/2gh
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The time between successive collisions is 2 > The contribution to the horizontal distance for each N before steady state is

8uhN. Summing them produces a triangular series.

N-1
x = Z (8uhN") + (2p44/2gh)NAt = 4uhN(N — 1) + (2u4/2gh)NAt when N < N,
N'=0
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