6. PULL-UP BAR ROPE (5 points) — Solution by
Jaan Kalda.

i) (1 point) Place the bar at the origin of a
coordinate system where x is the horizontal
distance from the bar to the weight along the
floor, and H is the height of the bar above the
floor. The length of the bar-to-weight rope
segment is

L=+/2?+ H?, sina = x/L.

Method 1 (inextensibility / velocity pro-
jection). Since the rope is inextensible, the
velocity components of its two endpoints
along the rope direction must match: whatever
rate one end recedes from a point on the
rope, the other end must approach it at the
same rate. The puller’s hand pulls the rope

along its own direction at speed v, so the rope
shortens at rate v. The weight moves hori-
zontally toward the bar at speed u; its velo-
city component along the rope (which makes
angle o with the vertical, hence angle § — «

with the floor) is u sin «. Equating:

. v
usmo =v - u =

sina |

Method 2 (implicit differentiation). Dif-
ferentiating L? = 2% + H? with respect to
time:

LL = zi.
With L = —v (the segment shortens at con-
stant rate) and sina = z/L:
. Lv v
T=——— =,
X S ¢«
. v
u=|&|=—.
sSin -
Grading (Method 1).

- Recognising that the velocity components
of the rope endpoints along the rope dir-
ection must match (rope inextensibility)
0.4 pts

- Identifying the projection usina for the
weight’s velocity along the rope 0.3 pts

- Final answer u = v/sin« 0.3pts

Grading (Method 2).

- Settingup L? = 22+ H?>with L = —v 0.3 pts
- Correctly differentiating to obtain LL = z&

0.4 pts
- Final answer u = v/ sin « 0.3 pts

ii) (1 point)Method 1 (continuing from LI =
zi). Differentiate again, with L = —v con-
stant (so L = 0):

Since u? > v?, we have # < 0: the weight ac-
celerates toward the bar. With u = v/sina
and z = H tan a:

] u? —v?  v?(1 —sin?a)/sin’®
€Tl = =
x H tan « ’




2
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- Correctly differentiating an incorrect
result from the previous part 0.5 pts.

Method 2 (direct differentiation of © =
v/sina). The angle a changes in time as
the weight slides; introduce w = —a (posit-
ive as « decreases). The weight’s position is
x = H tan «, so its speed is

. H Hw
U=—f=——m— = ——.
cos? o cos? o

Combined with u = v/ sin

u 0082 (0% v COS2 «

H =~ Hsina’

Differentiating u = v/ sin a with respect to
time:

. VCOSQ .,  UVWCOS
U=———F—0a=———.
sin” « sin” «

Substituting w:

UV COS ’UCOSQOJ 2

|Z=t= —F%— —— = U—cot?’a
sin2a  Hsina H

Grading (Method 1).

- Differentiating LL = i to obtain & =

(v? —u?)/z 0.5 pts

- Substituting v and « to obtain final answer

a= (v?/H)cot® a 0.5 pts
Grading (Method 2).

- Introducing w = —«& as the angular rate of
the rope direction 0.2 pts
- Relating the weight’s speed to w: u =
Hw/ cos? 0.2 pts
« Deriving w = vcos? a/(H sina) from u =
v/ sin @ 0.2 pts
- Differentiating u = v/sina to obtain 4 =
vw cos ar/ sin” o 0.2 pts
- Substituting w and obtaining final answer
a= (v?/H)cot® a 0.2 pts

iii) (3 points)While the weight is on the floor,
the only horizontal force on it is the hori-
zontal component of the rope tension T'sin



directed toward the bar. Newton’s second
law in the horizontal direction:

Muv? cos® «

Tsina = M|z| = Hot o

M 2 3
7o My .C(ZS e!
H sin® «
Vertically, T cosa+ N = Mg, where N is the

normal force from the floor. The weight lifts
off when N =0, i.e., Tcosag = Mg:

Muv? cos* o

H sin* o

U2

tan* o = —,
0 gH

[ 22

v

oo = arctan | — |.
gH

Grading.
- Identifying that the only horizontal force
on the weight is T'sin « 0.3 pts
- Writing Newton’s second law horizontally:
T'sina = M|&| 0.3 pts
- Substituting the expression for |#| from
part (ii) 0.2 pts
« Isolating T to obtain T =
Mv? cos® o/ (H sin o) 0.2 pts
- Correctly setting up the vertical force bal-
ance T'cosa+ N = Mg 0.5 pts
- Correct lift-off condition N = 0, i.e,
Tcosag = Mg 0.5 pts
- Algebraic manipulation to tantay, =
v2/(gH) 0.5 pts

- Final answer ay = arctan {/v?/(gH)
0.5 pts



