
1. MOVıNGLENſ (6points)— Solution by Eppu
Leinonen.
i) (2 points) Let Γ denote the circle traced by
the lens centre. A light ray fromP that passes
through the lens centre O is undeflected, so
it continues straight through to the image of
P at that instant. As O moves around Γ, the
undeflected ray through P and O sweeps a
family of lines through P , and its intersec‐
tion with the image curve P ′ gives the cur‐
rent image. The extreme angular positions of
this sweep correspond to O being at the tan‐
gent points of Γ as seen from P — that is, the
lines from P that are tangent to Γ. At these
extreme instants the corresponding image
point on P ′ is where the line from P is tan‐
gent to the curve P ′.

Hence: from P , draw the two lines tan‐
gent to curve P ′ — call them ℓP1 , ℓ

P
2 , with

pointA andB on curve P ′. They are tangent
to Γ. Repeat from Q, drawing two lines tan‐
gent to Q′ — call them ℓQ1 , ℓ

Q
2 with points C

andD on curveQ′. These are also tangent to
Γ. Four tangent lines determine the circle Γ:
for instance, the centre of Γ lies at the inter‐
section of the angle bisectors of any two pairs
of these tangents (since each bisector is the
locus of points equidistant from two lines).
Project this centre perpendicularly onto any
tangent to get the radius, and draw Γ.
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Grading:
• Recognising that a ray from P through the
lens centre O is undeflected 0.2pts

• Recognising that the tangents from P to
curve P ′ are tangent to Γ 0.8pts

• Correct detailed construction idea of Γ
[from (at least three of) the four tangent
lines] 0.5pts

• Correctly performed construction (i.e.
constructed circle on paper is close to
the actual circle) 0.5pts
– Only given if the construction corres‐

ponds to a correct idea
– It is important that the circle intersects

P ′ and not Q′

ii) (4 points)Fix any pointO onΓ. It is enough
to find one other point on the lens to draw
the lens plane at this position. For this, we
aim to identify the images of P andQ for this
chosen point for the centre of the lens.

Draw the line throughP andO; it extends
to intersect curve P ′ possibly at two points.
The intersection corresponding to the loca‐
tion O of the lens needs to be determined.
Using continuity and the reality of images: as
O moves continuously around Γ, the image
moves continuously on P ′, and the tangent‐
correspondence from (i) matches regions of
Γ with regions of P ′. (Moreover, near an in‐
tersection of P ′ with Γ, the corresponding O
must be the far intersection of line PO with
Γ— the near intersectionwould place the ob‐
ject within the focal region, making the im‐
age virtual.) This resolves the ambiguity and
identifies P ⋆ ∈ P ′ as the current image of
P . For Q, the above identification proced‐
ure doesn’t work as it does not intersectΓ and
thus intersection with the focal region (a pri‐
ori we do not know the focal length) is not
guaranteed. Therefore, it is convenient to



pick pointO to be such thatQO is tangent to
Q′ in which case there is only one valid point
(C orD). In the figure,O is chosen such that
QO is QD, then P ⋆ is the closer intersection
of PO with P ′.

Now we have: object P imaged to P ⋆,
object Q imaged to D, through a lens with
centre at O. With two objects and their real
images under a converging lens, the lens can
be reconstructed. Suppose a light ray starts
from P toward Q. Then, as P ⋆ and D are
the images of P andQ (and the lens is ideal),
the raymust refract from the lens to form the
line P ⋆D. Therefore the lines PQ and P ⋆D
intersect at the lens plane plane, identifying
another point of the lens plane E. Thus OE
is the lens plane at themoment of time when
the centre of the lens is at O and is thus par‐
allel to the lens plane at all moments in time.
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Grading:
• Idea: selecting a specific O and intend‐
ing to find its image pair to locate the lens
plane 0.5pts

• Correct argument that the image points
and object points are enough to find the
lens plane (eg. analysing PQ as a ray that
refracts to a line through the image points)

0.5pts
• Justification for the correspondence
between regions of Γ and an image curve
(P ′ or Q′) 1pts
– Uses continuity of motion (to split image

curve into regions corresponding to re‐
gions in Γ′) 0.5pts
* Given only if it is explicitly mentioned

or implicitly used in correct reasoning
to relate a point on Γ to its unique real
image in a non‐trivial case

– Uses correct reasoning to relate a point



on Γ to its unique real image 0.5pts
• Identifying the correct image point on P ′

(or Q′, non‐trivial case) 1pts
– Correct point with no or weak justifica‐

tion 0.5pts
• Choosing pointO such that the image onQ′

(or P ′) is at the tangent (alternatively, a cor‐
rect argument for finding the correct point
on the other image curveQ′ (or P ′)) 0.5pts
– This point is given for finding the point

on the other curve (in relation to items
3 and 4) with justification. Alternatively
if student only has identified one point
on one curve with just tangency, give 0.5
points for this and nothing for items 3
and 4.

• Correctly performed construction (consist‐
ent with detailed steps to a correct con‐
struction) 0.5pts
NB!Due to in accurately drawndiagrams,

it can seem like that there is a lens positionO
where Q will image to the intersection of Q′

and P to one of its tangents P ′. In this case
identifying points P ′ andQ′ will in total give
2points (instead of 1.5points)which replaces
items 3–5 in the above scheme. In addition
‐0.5 points will be given for an inaccurately
drawn diagram. I.e. in this case maximum
of points is 3.
Grading (replaces items 3–5)
• Finding O with two trivial points 2pts
• No points for correctly performed con‐
struction (due to inaccuracy)
Solution 2. This problem can also be

solved using the lens formula. Namely, take
the tangent lines (or if any two line for which
you know how to identify the points). Take
the angle between these lines φ and the
angles α and β at which the optical axis
(perpendicular to the lens) intersects these.
From basic geometry φ = α+ β (exact equa‐
tion depends on the definitions). Now the
lens positions O1 and O2 relevant, will split
the lines in lengths a and b for one line and
c and d for one line. Then the lens equa‐
tion states 1/f = 1/(a cosα) + 1/(b cosα) =
1/(c cosβ) + 1/(d cosβ) (whether or not it is
cosine or sine depends on the definitions).
Now we have two equations and two un‐
knowns. Thusα (or β) can be solved and thus
a parallel line drawn with a protractor.

Grading:
• Image points identified correctly (either
trivial or non‐trivial with justification) 0.5

• Lens formulawrittenwith respect tomeas‐
ured lengths (projected correctly) 0.5

• Angle/direction solved correctly (all or
nothing) 2.5

• Correctly performed constructions (angles
match) (only given for correctly calculated
angle) 0.5


