ENERGY APPROACH. The motion of the jumper
has two phases: a push-off phase and a free verti-
cal flight phase after the jumper loses contact with
the ground. During the push-off phase, the mechan-
ical energy of the jumper is conserved, as the forces
from the ground do no work on the jumper. Let us
first analyse the push-off phase.

The mechanical energy of the jumper consists of
three parts: the elastic energy of the spring, W, =
k(20)%/2 = 2k#?, gravitational potential energy of the
jumper (relative to the ground), W, = 2mgy* where y*
is the vertical position of the jumper’s center of mass
with respect to the ground; and the kinetic energy of
the jumper, W;.

The motion of the jumper consists of the motion of
its center of mass and the rotation of the rods about
the hinge. During the push-off phase, these motions
are connected.

As the jumper is symmetric about the vertical plane
through the hinge, we shall describe what happens
during the push-off phase with one rod. The position
of its center of mass is (z*,y*) = (—sin#f, cos 6)¢/2.

Kinetic energy calculation 1. At the hinge, the
end of the rod moves vertically with speed 2v; = 2y,
while the other end moves horizontally with speed
2v*, = 2%. Alternatively, the rod’s center of mass,
located at the midpoint of the rod, moves vertically
with speed v} and horizontally with speed v*,, while

the rod rotates about it with angular velocity w = 6.
The kinetic energy of one rod is

1 1
Wi = 3 m(vi? +v'7) + 3 J*w?

where J* = m¢?/12 is the moment of inertia of the
rod about the axis through its center of mass. Using
vl =y* ={sin(f)-0/2and v*, = i* = cos(f)-0/2 kinetic
energy of one rod becomes W, = m¢?6?/6 and the
kinetic energy of the jumper is

W = ml262/3.



Kinetic energy calculation 2. The motion of one
rod can also be described as two simultaneous rota-
tions: the rod’s center of mass moves along the circu-
lar trajectory (dashed red line in figure) of radius /2
with the center at the red point with instantaneous
speed v* = ¢0/2 and the rod also rotates about its
center of mass with angular velocity w = §. Instan-
taneous kinetic energy of one rod in these combined
motions is

Wia= %m(€9/2)2 + E me26? = m€292/6
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and for the two rods we get the same result for the
kinetic energy of the jumper, W, = m¢26%/3. (To see,
that instantaneous angular velocities of both rota-
tions is 6, check how much the rod is rotated about
its center of mass and what is the angle of center of
mass rotation about the red point while 6 changes
from 7/2 to 0.)

Energy conservation. With the assumption given in
the problem that £ > mgf we may neglect the change
in the gravitational potential energy of the jumper
during the push-off phase: during the push-off, all
the released elastic energy of the spring is trans-
formed into kinetic energy. At any moment during
the push-off phase, ¢ and ¢ are related by the equa-
tion
2k (1%/4 — 6%) = mL?6%/3
or o
)2

= me2
During the push-off, the vertical component of the
jumper’s center of mass, v}, increases until the push-
off phase ends at a certain 6,, when the jumper loses
contact with the ground. (Again, we can neglect the
contribution of the gravitational force to the resul-
tant force acting on the jumper during the push-off,
as it is negligible compared to the normal force from
the ground.) At 6, both v and vi? = 2sin’(9) - 62/4
are maximal, so

(/4 — 62). (1)

d(6? sin® 0)

o =0

6o

from which we obtain a transcendental equation:
0o - tan(fy) = 7% /4 — 63.

The solution to this equation can be found using var-
ious iterative methods, described in the next section
in the context of the dynamical approach:

0o = 0.987 = 56.6°.

At the moment when the push-off phase ends, the
vertical speed of the jumper’s center of mass is vf =
%Esin(@o)é\ 0o During the upward flight phase, only
the portion of kinetic energy corresponding to the
upward translational motion of the jumper is con-
verted into potential energy (which can no longer be



neglected, since the gravitational force is the only
force acting on the jumper during its flight phase).
When the push-off phase ends, the translational part
of the jumper’s kinetic energy is

1
Wkt 2muy T

=3 ksm (00) (7%/4 — 67)

and at the maximum height of the jump #, it is com-
pletely transformed into the jumper’s potential en-
ergy W, = 2mgh, so the height of the jump is

k

3k ) 3k
= — 4 — =1.040- —— =0. - —
h Tmg sin®(6p) (72 /4 — 62) 040 - mg 0.780 g

DYNAMICS APPROACH. Like in the energy ap-
proach, we consider the motion of only one of the
rods. Direction of the velocity #; of the upper end
and ¥, of the lower end of the rod are shown in the
figure. It is evident that the instantaneous motion of

any point of the rod could be represented as a pure
rotation with angular velocity ¢ about a horizontal
axis passing through point O situated at a distance
¢/2 from the center C of the rod. The equation of ro-
tational motion about O reads:

Ioé =70,

where 74 is the net total torque of all forces applied
to the rod, and

Io = me%/12 +m(£/2)* = m*/3

is the moment of inertia of the rod about 0. From
the symmetry of the system it follows that the reac-
tion force at the hinge R; on the right rod and its
counteraction —R; on the other rod are horizontal
at any moment; therefore, R, has no torque about
O. The reaction R, from the floor acts vertically to-
ward O and has no torque, as well. Therefore, the
only nonzero torque on the rod is due to the torsional
spring 7o = —2k6 where the minus sign accounts for
the restoring character of the torque. The torque,
due to gravity could be neglected, as far as k > mgl
Finally, we get the equation of motion:

. 6k

6= - 629’
which is the equation of a simple harmonic motion
with angular frequency w = 1/¢,/6k/m and initial con-
ditions 6, = 7/2 and 6, = 0. The time dependence of



the angle is, therefore:
0(t) = g COS wt.

The velocity of the upper end of the rod is v; =
¢sin (0)0 and that of the center of mass of the system:

v* = /2 = £sin (0)6/2.

The equation of motion of the center of mass is
2mov* = 2Ry since we neglect the gravity. Therefore,
at the moment of detachment from the floor, when
R2 =0:

v =1 (COS (0)6? + sin (9)9) /2=0. (2)

For the harmonic motion two identities hold at any
moment: § = —w?0 and 6?/w? + 6% = 63 = 72 /4. Finally,
the condition for detachment takes the form:

f(0) = (7?/4 — 6?)cosf — Osind =0

which is equivalent to the equation #tanf = 72/4 — 9?2
obtained energetically. One of the simplest numer-
ical approaches to that equation is the method of
bisection. First, an interval [f.;0g| has to be found
where f(0) changes its sign. It is easy to establish that
f(0) > 0 and f(x/2) < 0, i.e. 6, =0 and 0r = 7/2. Then,
the interval is divided in two halves by § = (6, +0g)/2.

If f(9) > 0, a new 0, « 0 is taken, else, 0 « 0 is
set. The procedure is iterated until the length of the
[0r;0r] interval becomes smaller than the acceptable
uncertainty, and the final approximation is taken as
the last updated . The procedure is ilustrated in the
table below:

or £(01) Or f(0r) 4 f(0)
0.000 | 2.4674 | 1.571 | -1.5708 | 0.785 | 0.7532
0.785(0.7532 | 1.571 | -1.5708 | 1.178 | -0.6753
0.785 ] 0.7532 | 1.178 | -0.6753 | 0.982 | 0.0190
0.982 1 0.0190 | 1.178 | -0.6753 | 1.080 | -0.3390
0.982 | 0.0190 | 1.080 | -0.3390 | 1.031 | -0.1620
0.982 | 0.0190 | 1.031 | -0.1620 | 1.006 | -0.0719
0.982 | 0.0190 | 1.006 | -0.0719 | 0.994 | -0.0265
0.982 1 0.0190 | 0.994 | -0.0265 | 0.988 | -0.0037
0.982 | 0.0190 | 0.988 | -0.0037 | 0.985 | 0.0076
0.985 | 0.0076 | 0.988 | -0.0037 | 0.986 | 0.0019
0.986 | 0.0019 | 0.988 | -0.0037 | 0.987 | -0.0009
0.986 | 0.0019 | 0.987 | -0.0009 | 0.987 | 0.0005
0.987 | 0.0005 | 0.987 | -0.0009 | 0.987 | -0.0002
0.987 | 0.0005 | 0.987 | -0.0002 | 0.987 | 0.0002

The iterations obviously converge toward 6 ~ 0.987.
Thus, at the moment of detachment, we have sin6 =
0.8344, 0 = wy/m?/4—-02 = 1.2220w, so we obtain



v* = 1.2487 k/m. Subsequently, only the kinetic
energy associated with the center of mass motion
is transformed into gravitational potential energy:
2xmuv*?/2 = 2xmgh, i.e. the center of mass moves like
a point-mass object projected vertically with velocity
v*. Therefore, the height of the jump is:
*2
L

29 mg

h:

We have neglected the elevation (¢/2)cosfd ~ 0.276¢
of the center of mass at the moment of detachment,
which is much smaller than h.

A functional toy, similar to the jumper, can be seen
here:

The solution could be structured into three tasks, as
specified below.

Task 1. Setting the equations for the pushup
phase

Task 1 - energy approach Pts.

A writes elastic energy 2k6? 0.5

B states there are 2 phases of jump, push- | 0.5
off and vertical throw

C states there is no external work during | 0.4
push-off phase

D states mechanical energy during push- | 0.4
off is conserved

E neglects a change of gravitational W, | 0.4
during push-off

F considers translational/rotational mo- | 0.5
tion of the rods separately

G writes W}, for the jumper correctly 1.0

H writes equation relating 6 with (1) or | 1.5
v* (2)

I states that the moment of loosing con- | 0.8
tact with the ground is the moment of
largest vertical speed of jumper

J derives a trascendental equation as the | 1.0
condition for the largest vertical speed
with derivation

Partial sum T1 task 1 - energy approach | 7.0




Task 1 - dynamics approach Pts.

A | Draws the direction of velocities of the | 0.9
two rod ends and identifies the instan-
taneous center of rotation O

B | Calculates the moment of inertia Ip = | 0.8
1/3mf? by means of Steiner’s theorem

C | Comes to a conclusion that the torque | 0.4
of the reaction forces about O is zero

D | Neglects the torque of the force of | 0.2
gravity

E | Writes down the equation of rotational | 0.5
motion about O by accounting for the
torque of the torsional spring

F | States that the equation describes a | 0.5
SHM and identifies its angular or linear
frequency, or its period

G | Writes explicitly the time dependence | 1.5
0(t) satisfying the initial conditions

H | Derives expression for v*, either imlic- | 0.5
itly in terms of # and 6 or explicitly as a
function of ¢

I | Rationalizes by means of Newton’s sec- | 0.5
ond law that the C.M. acceleration v* =
0 in the moment of detachment

J | Derives trancedential equation for 6 in | 1.2
the moment of detachment

Partial sum T1 task 1 - dynamics ap- | 7.0

proach

Task 2. Solving the equation

Problem T1 - numerical solution Pts.

A States orillustrates the chosen method | 0.3
of iterative solution: bisection, New-
ton, etc.

B Indicates the starting approximation | 0.2
(or interval)

C Documents sufficient number of itera- | 0.2
tions to prove the convergence of the
chosen method

D Obtains 6 = 0.987 to a precision of three | 0.3
significant digits.

Partial Sum T1 task 2 - numerical solu- | 1.0

tion

If the student comes to the correct solution for 4 in
a non-systematic way (say, trial-and-error), or does
not document the convergence of the chosen numer-

ical method, no points are assigned to C and D. Also,

no points are assigned to D if the final result is rep-

resented with only one or two significant digits.




Task 3. Investigating the free vertical flight

Problem T1 - vertical flight

Pts.

A Obtains the expression v* = 1.2487\/k/m
for the C.M. velocity at the moment of
detachment

0.5

B States or illustrates that the center of
mass moves like a points mass of initial
velocity v*

0.2

C Writes down the conservation of energy
mv*?/2 = mgh for the motion after de-
tachment or the equivalet set of equa-
tions: h = v*t — gt?/2 and 0 = v* — gt de-
scribing the uniformly decelerated mo-
tion of the C.M.

0.5

D Derives the final expression h =
0.780k/(mg) with at least three signifi-
cant digits of the numerical prefactor.
Adding the C.M. elevation (¢/2)cosé =~
0.276¢ at the moment of detachment is
not necessary but, if present, is not pe-
nalized

0.8

Partial Sum T1 task 3 - vertical flight

2.0




